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We identify the symmetry underlying the recently observed spectral-parameter transformations
of holographic Wilson loops alias minimal surfaces in AdS/CFT. The generator of this nonlocal
symmetry is shown to furnish a raising operator on the classical Yangian-type charges of symmetric
coset models. We explicitly demonstrate how this master symmetry acts on strong-coupling Wilson
loops and indicate a possible extension to arbitrary coupling.
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The AdS/CFT correspondence furnishes a treasure
trove for mathematical structures, novel interrelations
and physical applications. In particular, its planar inte-
grability has inspired a multitude of innovative methods
and is in large part responsible for the progress made
towards confirming Maldacena’s conjecture. The flag-
ship duality between strings on AdS5 × S5 and four-
dimensional N = 4 super Yang–Mills theory represents
the best understood example of this class of dual theo-
ries. The mathematical structure underlying its integra-
bility is Drinfel’d’s infinite-dimensional Yangian algebra.
This nonlocal symmetry is a typical feature of integrable
systems in two dimensions and lies at the heart of string
integrability at strong coupling of the above duality [1, 2].
Remarkably, Yangian symmetry has also been discovered
for various quantities on the gauge theory side, including
the dilatation operator [3], scattering amplitudes [4] and
Wilson loops [5, 6]. In this letter, we add another mem-
ber to this family of nonlocal symmetries in AdS/CFT.
We demonstrate that symmetric coset models allow for
a nonlocal master symmetry δ̂ that captures the models’
integrability and has an intriguing set of features: it gen-
erates the spectral parameter and acts as a level-raising
operator on the Yangian algebra. Mapping conserved
charges to conserved charges, δ̂ thus exhibits the charac-
teristic feature of a master symmetry in integrable mod-
els. We establish that this nonlocal symmetry underlies
the recently observed spectral-parameter deformations of
holographic Wilson loops [7–11]. With an algebraic un-
derstanding of the symmetry at hand, we may hope to
formulate a corresponding master symmetry at weak or
arbitrary coupling.
Symmetric cosets. In the context of the AdS/CFT
correspondence, we are primarily interested in strings in
the hyperbolic space AdS5, which can be identified with
the coset SO(1, 5)/SO(5). However, our findings apply to
arbitrary symmetric spaces M = G/H such that we can
keep the discussion general. The space M is symmetric,
if the associated Lie algebras g and h obey g = h ⊕ m,
such that
[h , h] ⊂ h , [h , m] ⊂ m , [m , m] ⊂ h . (1)
The dynamical variable is the field g(z) ∈ G with z
denoting the complex worldsheet coordinate. To write
down the action of the model, we define the flat g-valued
Maurer–Cartan form
U = g−1dg, dU + U ∧ U = 0. (2)
With U = A + a, where A and a are projections of U
onto h and m respectively, we can write the action as
S =
∫
tr (a ∧ ∗a) . (3)
The global g-symmetry is realized as the infinitesimal
transformation δg = g with  ∈ g. The conservation law
for the Noether current associated with this symmetry,
j = −2gag−1, (4)
is equivalent to the equations of motion for g. This
Noether current is also flat and hence provides the ba-
sis for the framework of integrability. The conservation
equation and flatness conditions for j are then usually
packaged into the condition that the Lax connection
`u =
u
1 + u2
(u j + ∗j) , d`u + `u ∧ `u = 0 , (5)
is flat for arbitrary values of the so-called spectral pa-
rameter u ∈ C. This Lax connection defines a flat de-
formation Lu of the Maurer–Cartan form through the
transformation
Lu = U + g
−1`ug, dLu + Lu ∧ Lu = 0, (6)
and we have L0 = U since `0 = 0.
Master symmetry. We now lift the spectral parameter
from the level of Lax connections to the physical field g.
A deformation gu of g can be defined by the following
auxiliary linear problem:
dgu = guLu, gu(z0) = g(z0), (7)
with z0 an arbitrary reference point on the worldsheet.
Due to the flatness of Lu, this initial value problem is
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2well-defined and has a unique solution for simply con-
nected worldsheets. With the ansatz
gu(z) = χu(z)g(z), χu(z0) = 1, (8)
the defining equation (7) for gu is satisfied, provided that
χu is a solution of
dχu = χu`u. (9)
Significantly, the transformation g 7→ gu preserves the ac-
tion and the equations of motion and hence represents a
symmetry. This was observed in [12] and will be demon-
strated below. Via the definitions (8) and (9) we have
thus shown that the spectral-parameter dependence can
be translated from the Lax connections into a deforma-
tion of the field g. In order for gu to represent a physical
solution of the considered model, we need to restrict u
to real values. Expanding (9) about u = 0, we find the
action of the (nonlocal) infinitesimal generator δ̂ as
δ̂g(z) = χ(0)(z)g(z), χ(0)(z) =
∫ z
z0
∗j. (10)
On the projections of the Maurer–Cartan form (2), we
thus have
δ̂A = 0, δ̂a = −2 ∗ a. (11)
This directly shows that the equations of motion
d ∗ a+ ∗a ∧A+A ∧ ∗a = 0 (12)
are invariant under the variation δ̂ due to the condition
da + a ∧ A + A ∧ a = 0, which follows from the flatness
of U . In fact, we may expand χu in a power series of u
χu =
∞∑
n=0
χ(n−1)un, χ(−1)u = 1, (13)
which generates a whole tower of master symmetries
δ̂u g = χ
−1
u
d
du
χu g, δ̂u =
∞∑
n=0
un δ̂(n), (14)
as will be argued below.
Let us pause here to indicate various connections to
and among the previous literature. The functions χ(n),
which we introduced to mediate between the undeformed
and the deformed solution (8), feature in the classical
work of Bre´zin, Itzykson, Zinn-Justin and Zuber (BIZZ)
[13] as auxiliary potentials for the construction of con-
served nonlocal currents. The BIZZ procedure is rather
universal, since it applies to any model possessing a flat
and conserved current and does not require the poten-
tials χ(n) to be generators of a symmetry. The large
transformation (8) was studied in the context of generic
symmetric space models by Eichenherr and Forger, who
referred to it as a dual transformation that rotates a
one-form into its Hodge dual [12], cf. (11). Employing
similar ideas, Schwarz provided an extensive analysis of
nonlocal symmetries of symmetric space models [14]. He
discussed the interesting Virasoro-like properties of the
tower of symmetries δ̂(n>0) to which we add the master
symmetry δ̂ = δ̂(0). More recently, Ishizeki, Kruczenski
and Ziama observed that via equation (7) the spectral-
parameter deformation induces a familiy of minimal sur-
face solutions in AdS3 [7]. Here we identify the under-
lying nonlocal symmetry transformation and its relation
to the Yangian symmetries of the model. In [15] Bei-
sert and Lu¨cker gave a prescription for the construction
of flat Lax connections, which also rotates the compo-
nents of the Maurer–Cartan form into each other. Their
method starts with an operator acting on a flat connec-
tion instead of the physical field g, but was shown to
extend to a multitude of integrable theories of rational
type.
Classical Yangian. We now show that the integra-
bility of symmetric space models can be captured com-
pletely in terms of the global Lie algebra symmetry δ
and the master symmetry generated by δ̂. A general cri-
terion for a variation δg = ηg to be a symmetry of the
model is given by [16]
g−1d ∗ (dη + [j, η])g ∈ h. (15)
This criterion at hand, it is not hard to show that if
δ0 generates a symmetry, then so does its conjugation
with χu:
δ0,u g = χ
−1
u δ0(χug). (16)
Hence, the above master symmetry allows us to turn a
symmetry δ0 into a one-parameter family of symmetries.
Applying this procedure to δ0 = δ yields the tower of
nonlocal symmetries of Yangian-type:
δ,u g = χ
−1
u χu g, δ,u =
∞∑
n=0
un δ(n) . (17)
The associated conserved currents can be obtained by
iterative application of δ̂ to the flat Noether current j.
At subleading order we find
δ̂j = −2 ∗ j + [χ(0), j], (18)
which yields the standard expressions for the Yangian
level-zero and level-one charges:
J(0) =
∫
∗j, J(1) = 2
∫
j +
∫
σ1<σ2
[∗j1, ∗j2]. (19)
The components of the Noether current j obey a Poisson
algebra that is similar to the case of the principal chiral
model, for which it was explicitly shown that the result-
ing charges (19) span a classical Yangian algebra [17].
3Level-0 Symmetry Integrable Completion
Lie Algebra δ = δ
(0)
 Higher Yangian δ̂
(n)

Master δ̂ = δ̂(0) Higher Master δ̂(n)
Spacetime Spacetime + Gauge
TABLE I: Overview of basic (level-0) symmetries and their
integrable completions using the master symmetry.
This can be extended to the case of symmetric space
models at hand [16]. A closed expression for the tower of
nonlocal currents associated to the one-parameter family
of transformations (17) is given by
ju = χu
[
j − 2u1−u2 ∗ j
]
χ−1u , (20)
which obeys the relation δ̂ ju =
(
1 + u2
)
d
du ju . It can
be shown that the variation δ̂u defined in (14) may be
re-expressed as
δ̂u g =
1
1 + u2
χ−1u δ̂(χu g), (21)
i.e. in the form (16). This shows that δ̂u indeed provides
a one-parameter family of symmetries.
In order to see that the master symmetry δ̂ acts as
a raising operator on the Yangian charges, we introduce
the real parameter θ via the relation
eiθ =
1− iu
1 + iu
. (22)
We then write the different levels of Yangian generators
as the coefficients in the expansion
J(θ) =
∞∑
n=0
θn
n!
J(n) , J(θ) =
∫
∗ ju(θ), (23)
which implies the raising relation
δ̂ J(n) = J(n+1),
d
dθ
J(θ) = δ̂ J(θ). (24)
Hence, starting from the Lie algebra charge J, application
of δ̂ yields the infinite tower of Yangian charges.
Note that the Yangian algebra comes with a natural
lowering operator defined via qδ J(1) = J(0). The auto-
morphism qδ was introduced by Drinfel’d as a generator
of the spectral parameter [18] and is typically realized
by the Lorentz boost in two-dimensional quantum field
theory [19]. It is an open problem, however, whether a
classical realization of this lowering operator exists [17],
which underlines the algebraic interest in the above rais-
ing operator δ̂.
Nonlocal Casimir. Since δ̂ was defined as an on-shell
symmetry, the Noether procedure is in principle not ap-
plicable. However, we are still able to derive associated
conserved currents using the equations of motion only
in the form dχu = χu`u. If an off-shell extension of
the above symmetries exists, the current we derive will
agree with the respective Noether current on shell. Simi-
lar comments apply to the Yangian symmetries as intro-
duced above. In the case of principal chiral models it was
shown that the latter can be extended to off-shell sym-
metries [20, 21]. For the master symmetry we formally
introduce a free, local parameter ρ(z) into the variation
(10), i.e. we write δ̂g = ρχ(0)g, whose application to the
action yields
δ̂S =
∫
tr(∗jχ(0)) ∧ dρ . (25)
Here it was used that dχ(0) = ∗j. Hence, we find that
the current ĵ = tr(jχ(0)) is conserved and yields the con-
served charge
J :=
∫
∗ĵ = 12 tr(JJ) . (26)
This is the quadratic Casimir of the Lie algebra charge J
and it comes as no surprise that it is conserved. However,
it is interesting that a symmetry δ̂ exists, which yields the
quadratic Casimir as an associated conserved charge.
In analogy to the tower of Yangian generators, we may
obtain a tower of Casimir charges by iterative application
of δ̂ to J:
J(θ) = 12 tr
(
J(θ)J(θ)
)
, δ̂ J(θ) =
d
dθ
J(θ). (27)
At subleading order we find J(1) = tr
(
J J(1)
)
, which can
easily be checked to Poisson-commute with the Lie alge-
bra generators J. It is worth noting that the Casimir J
does not generate the master symmetry δ̂ via its Poisson
bracket with the field g. The same holds for the nonlocal
Yangian symmetry which is generated via a Lie–Poisson
action and not by the ordinary symplectic action [22].
It turns out that the conjugation of the basic spacetime
symmetries (translations, boost, conformal transforma-
tions) with χu does not result in new transformations
but merely yields a u-dependent linear combination of
spacetime and gauge symmetries, cf. Table I.
Algebra relations. An obvious aspect of interest is the
algebra of the above nonlocal symmetries. We find the
following commutators between the master and the Yan-
gian variations δ̂(n) and δ
(n)
 , respectively:[
δ(n)1 , δ
(m)
2
]
= δ
(m+n)
[1,2]
+ (−1)nan,m δ(m−n)[2,′1][
δ̂(n), δ̂(m)
]
= (n−m) δ̂(n+m+1) + δ̂(n−m−1)m − δ̂(m−n−1)n[
δ̂(n), δ(m)
]
= −m[δ(m+n+1) + (−1)nδ(m−n−1) ]. (28)
Here, we defined an,m = (1 − δm,0)(1 − δn,0) as well as
the shorthand notations δ̂
(n)
m = (n + 2m + 3)(−1)mδ̂(n),
δ
(−n)
 = (−1)nδ(n)′ and δ̂(−n) = 0. We furthermore obtain
4the expression ′ = |h − |m, if we set g(z0) = 1. Except
for the master symmetry δ̂ = δ̂(0), the commutators of
similar generators were considered by Schwarz [14], who
argues that the δ̂(n>0) relate to a centerless Virasoro-like
algebra. This relation to the Virasoro algebra is rem-
iniscent of the Sugawara construction and is a typical
feature of master symmetries in integrable models, see
e.g. [23, 24]. Note that the algebra of variations is not
expected to coincide with the Poisson algebra of charges
since nonlocal symmetries are typically generated in a
nonlinear way [22].
Wilson loops. A beautiful arena for the application of
the above master symmetry is provided by the AdS/CFT
correspondence [25]. In particular, this duality relates
the expectation value of the Maldacena–Wilson loop in
N = 4 super Yang–Mills theory at strong coupling to a
minimal surface in AdS5 ending on the loop contour γ
[26, 27]. Specifically the expectation value reads
W (γ)
λ1
= exp
[
−
√
λ
2pi Aren(γ)
]
. (29)
Here, Aren(γ) denotes the appropriately renormalized
area of a minimal surface ending on the boundary con-
tour γ. The area functional is given by a string action
in AdS5 and since AdS5 is a symmetric space, the above
setup applies. In particular, we consider the master sym-
metry δ̂ as well as the associated large transformation
g 7→ gu and derive the variation of a generic boundary
curve γ under this symmetry. The derivation shows that
the transformation maps the conformal boundary to it-
self, which is essential for the possibility to restrict the
transformation to the class of holographic Wilson loops.
Moreover, one can show that the transformation g 7→ gu
is not only a formal symmetry of the area functional, but
also a symmetry of the renormalized area of the minimal
surface, i.e. one has Aren(γ) = Aren(γu) [16].
In order to discuss the above transformations for min-
imal surfaces in AdS5 ' SO(1, 5)/SO(5) in some de-
tail, we employ the standard generators MIJ of SO(1, 5).
These generators obey
[MIJ ,MKL] = ηI[KML]J − ηJ[KML]I , (30)
as well as tr (MIJMKL) = 2ηI[LηK]J . The gauge algebra
h = so(5) is spanned by Mµν and Mµ5 for µ, ν = 1, . . . , 4.
In order to introduce Poincare´ coordinates (Xµ, y) on the
coset space, we define the combinations
Pµ = Mµ6 −Mµ5 , Kµ = Mµ6 +Mµ5 , D = M56 ,
and write the coset representatives as g = eX·P yD. A
variation δg is then linked to the variations of the coor-
dinates δXµ and δy by
g−1δg − h = δX
µ
y
Pµ +
δy
y
D, (31)
where h(z) is an element of h accounting for possible
gauge transformations. In the case of AdS-isometries
FIG. 1: Sequence of master transformations for parameter
values θ = 0, 3pi
16
, 3pi
4
, pi applied to discrete minimal surfaces
bounded by an ellipse and a triangle at y = 1
10
.
δag = Tag, where Ta denotes the basis elements of g,
the variation of the boundary curve coordinates xµ(σ) is
given by δax
µ(σ) = ξµa (x(σ)). Here, the ξ
µ
a form a basis
of conformal Killing vectors of the flat boundary space,
see e.g. [28]. For the master symmetry, we employ the
known form of the minimal surface solution close to the
boundary [29] to obtain the variations δ̂y = O(y) and
δ̂xµ(σ) = −Gab
∫ σ
0
dσ1
δAren(γ)
δxν1
ξνa(x1) ξ
µ
b (x(σ)) , (32)
where we introduced Gab = tr(TaTb) to denote the metric
on g and set xµk = x
µ(σk). The invariance of the minimal
surface under the variation δ̂ is then encoded in the fact
that the generator
JWL = Gab
∫
σ1<σ2
dσ1dσ2 ξ
ν
a(x1)
δAren(γ)
δxν1
ξµb (x2)
δ
δxµ2
(33)
annihilates the renormalized area Aren(γ) of the minimal
surface. Similarly, one may evaluate the higher master
generators J(n)WL on Wilson loops yielding conditions which
are tightly entangled with the higher levels of Yangian
symmetry.
An immediate point of interest is the geometric mean-
ing of the spectral-parameter transformation (33) evalu-
ated on Wilson loops. In fact, our analysis shows that
studying explicit transformations requires the knowledge
of full nontrivial minimal surface solutions, since the in-
formation contained in the universal orders of the near-
boundary expansion [29] is insufficient to determine the
functional derivative term featuring in the variation (33).
This suggests to employ a numerical approach from which
we obtain the concrete examples in FIG. 1. The details
of this numerical evaluation are provided in [16].
Let us emphasize some consequences on the Yangian
symmetry of strongly coupled Maldacena–Wilson loops.
In [5] the corresponding generators were set up to yield
the respective conserved charges when evaluated on min-
imal surfaces. For this it was not necessary to know the
underlying classical symmetry generator on the field g.
The relations established in the present paper show that
it is given by δ
(1)
c . Finding the level-1 variation of the
5boundary curve is analogous to the above discussion for
the master symmetry. The variation δ
(1)
c xµ is obtained
from (32) by replacing Gab by fc
ba and the level-1 gen-
erator J
(1)
WL follows from (33) analogously. Applying this
generator to the minimal area gives the Yangian Ward
identity for the Maldacena–Wilson loop at strong cou-
pling. The local term entering this identity can now be
interpreted as a boundary term arising from the applica-
tion of δ
(1)
c to the area functional.
Beyond strong coupling. It is natural to ask whether
the above master transformation furnishes a symmetry
beyond strong coupling. At weak coupling, Dekel ob-
served that the expectation value of the Maldacena–
Wilson loop is not invariant for contours obtained as
boundaries of spectral parameter deformed minimal sur-
faces in AdS3 [10]. Hence, beyond strong coupling we
generically have JWLW (γ) 6= 0, if we naively apply the
strong-coupling generator (33). However, above we have
shown that the Wilson-loop deformation corresponds to
a symmetry of the underlying model. There is in fact no
indication that the representation of the symmetry gen-
erator should be independent of the ’t Hooft coupling λ.
As a generalization of (33), it is thus natural to consider
the following operator for any value of the coupling λ:
J(λ)WL =
∫
σ1<σ2
dσ1dσ2 ξ
νa(x1)
δ logW (γ)
δxν1
ξµa (x2)
δ
δxµ2
. (34)
This generator reproduces the transformation (33) at
strong coupling and it is easy to see that it annihilates the
expectation value W (γ) of the Maldacena–Wilson loop
for any λ. Moreover, one can show that it commutes with
the generators of conformal transformations and thus it
appears to be an appropriate generalization of the master
symmetry on Wilson loops. Similarly, the higher varia-
tions in the tower of master symmetries (14) should be
applied to Wilson loops yielding nontrivial constraints as
consequences of integrability.
Outlook. Let us highlight some particularly attrac-
tive directions for further investigation. An important
goal is to better understand the geometric meaning of the
above master symmetry using explicit examples of min-
imal surfaces [16], cf. FIG. 1. Moreover, the string the-
ory underlying the AdS5/CFT4 correspondence is based
on a supersymmetric coset model with Z4-grading. It
would be desirable to explicitly work out the above non-
local symmetries for this case; see [15] for the correspond-
ing construction starting from the Maurer–Cartan form.
This would allow us to make contact to the Wilson loops
in superspace introduced in [30], for which the observed
Yangian symmetry at strong coupling [28] has a coun-
terpart at weak coupling [6]. Finally, it would be highly
interesting to identify an analogue of the above master
symmetry on the level of the action or the equations of
motion of N = 4 super Yang–Mills theory.
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